Abstract. We study some counting questions concerning products of positive integers u 1 , . . . , u n which form a non-zero perfect square, or more generally, a perfect k -th power. We obtain an asymptotic formula for the number of such integers of bounded size and in particular improve and generalize a result of D. I. Tolev (2011). We also use similar ideas to count the discriminants of number fields which are multiquadratic extensions of Q and improve and generalize a result of N. Rome (2017).
1. Introduction
Background and motivation.
Here we use a unified approach to study two intrinsically related problems:
• we count the number of integer vectors which are multiplicatively dependent modulo squares or higher powers, in particular we improve a result of Tolev [22] ; • we obtains some statistics for towers of radical extensions and extend and improve results of Baily [1] and Rome [19] .
Our treatment of both problems is based on similar ideas, namely, on multiplicative decompositions close to those used in [5] , see (6.1) and (6.2) in the proofs of Theorems 2.2 and 3.1, respectively, which are our main results. More precisely, we study the following two groups of questions. For a fixed integer n 2 we are, in particular, interested in the distribution on n-dimensional vectors of positive integers a = (a 1 , . . . , a n ) ∈ N n Date: January 31, 2019. 2010 Mathematics Subject Classification. 11N25, 11N37, 11R20, 11R45. Key words and phrases. Product of integers, perfect square, multiquadratic extension.
whose non-trivial sub-product a i 1 . . . a im , 1 i 1 < . . . < i m n, is a perfect square. This seems to be a natural analogue of the question of counting multiplicatively dependent vectors [16] .
Motivated by applications to integer factorization algorithm a question of the existence of such perfect square amongst n randomly selected integers of size at most H , has been extensively studied, see [7, 17, 18] . More precisely, for the above applications it is crucial to determine the smallest value of n (as a function of H ) for which at least one such products is a perfect square with a probability close to one; this question has recently been answered in a spectacular work of Croot, Granville, Pemantle and Tetali [7] .
Further motivation for this work comes from studying the multiquadratic extensions of Q, that is, fields of the form
. . , √ a n )
with vectors a = (a 1 , . . . , a n ) ∈ N n , see, for example, [1, 2, 19] and references therein. In particular we count the number of distinct discriminants of such fields up a certain bound X , and we also count the number of vectors a in a box for which Q √ a has the largest possible Galois group Gal(Q( √ a)/Q) ≃ (Z/2Z) n . Finally, we also consider towers of radical extensions of higher degree k 2 and count the number of vectors a in a box for which these extensions are of the largest possible degree k n .
Our results.
Our main focus is on products forming squares when n is fixed, and thus it is easy to see that the existence of a square product is a rare event. Furthermore, in this case, one can concentrate on the case when such products include all numbers u 1 , . . . , u n . In particular, we are interested in counting such vectors and more generally, vectors for which u 1 . . . u n is a perfect k -th power, for a fixed integer k 2 in the hypercube
where H ∈ N. In particular, we study the cardinality
n (H) of the set
n (H) = (u 1 , . . . , u n ) ∈ N n ∩ B n (H) :
where
denotes the set of positive integers which are perfect k -th powers.
We note that if τ n,H (s) denotes the restricted n-ary divisor function of s ∈ N, that is the number of representation u 1 . . . u n = s with integers 1 u 1 , . . . , u n H then
Here we obtain an asymptotic formula for N (k) n (H) and then make it more explicit in the case of squares, that is for k = 2. In turn this can be used to study multiquadratic extensions of Q as in (1.1).
In particular, a combination of our results with a result of Balasubramanian, Luca and Thangadurai [2, Theorem 1.1] allows to get an asymptotic formula for the number of vectors a ∈ N n ∩ B n (H) where B n (H) is given by (1.2) for which
We also consider the more difficult questions of counting the discriminants of multiquadratic number fields We recall that Rome [19] , making the result of Baily [1, Theorem 8] more precise, has recently given the asymptotic formula for the number of distinct discriminants of size at most X coming from biquadratic fields Q √ a, √ b , see also [6, Section 6.1]. We also refer to [3, 6, 13, 23, 24] for other counting result for discriminants of quartic fields of different types. Here we obtain a generalization of results of Baily [1] and Rome [19] to multiquadratic extensions Q √ a for arbitrary length n 2.
Furthermore, we also count distinct multiquadratic fields having maximal Galois group, as well as the analogous question regarding maximal degree extensions generated by higher odd index radicals (that is, extension of the form
here k √ a i can denote any k -th root of a i but it is convenient to always take a real k -th root.) Our method can easily be adjusted to count a ∈ Z n ∩ B ± n (H) where
see Section 7 for more details.
1.3. Notation. We recall that the notations U = O(V ), U ≪ V and V ≫ U are all equivalent to the statement that |U| cV holds with some constant c > 0, which throughout this work may depend on the integer parameters k, n 1, and occasionally, where obvious, on the real parameter ε > 0.
We also denote,
Throughout the paper, the letter p always denotes a prime number.
2. Products which form powers 2.1. Products which are k -th powers. We obtain an asymptotic formula, with a power saving in the error term, for N (k)
n (H) for any integer k 2 which generalizes and improves a result of Tolev [22] that corresponds to n = 2 and gives only a logarithmic saving. We always write m = (m 1 , . . . , m n ) and introduce the sets
In particular, the set M n,k,1 M * n,k consists of the n vectors m with exactly one nonzero coordinate which equals k . We also denote
We consider the vectors t ∈ R q * n,k + , with components indexed by elements of M * n,k , and define I n,k as the volume of the following polyhedron: Using the results of [4] , which we summarize in Section 4, we derive the following asymptotic formula for N (k) n (H). Theorem 2.2. Let n 1 and k 2 be fixed. There exists ϑ n,k > 0 and Q n,k ∈ R[X] of degree q * n,k , given by (2.1), such that for any H 2 we have
where the leading coefficient C n,k of Q n,k satisfies
where the product is taken over all prime numbers and I n,k is defined in (2.2).
2.2.
Products which are squares. We now give more explicit form of Theorem 2.2 when k = 2; this is important for applications. In this case we simplify the notation by setting
We now have from (2.1)
Observing that
we derive
where the product is taken over all prime numbers.
Let H be the set of integers h ∈ [0, 2 n −1] with exactly two nonzero binary digits. In particular, the first element of H is 2 + 1 = 3 and the largest element is 2 n−1 + 2 n−2 = 3 · 2 n−2 . Then we see that I n can now be defined as the volume of the following polyhedron:
where ε j (h) denotes the j -th digit in the binary expansion of h. .
We now see that for k = 2, Theorem 2.2 implies the following result.
Corollary 2.4. Let n 1 be fixed. There exists ϑ n > 0 and Q n ∈ R[X] of degree n(n − 1)/2 such that for any H 2 we have
where the leading coefficient C n of Q n satisfies
In particular, for n = 2, we have
where ζ is the Riemann zeta-function.
3. Counting multiquadratic fields 3.1. Discriminants of multiquadratic fields. Let F n (X) be the number of distinct fields Q √ a with a ∈ N n of largest possible degree as in (1.3) whose discriminant over Q satisfy
Let us define
Theorem 3.1. Let n 1 and ε > 0 be fixed. There exists a polynomial P n of degree 2 n − 2 with the leading coefficient
, where
.
We remark that Rome [19] has obtained a special case of Theorem 3.1 for n = 2, however with a larger error term, see also [1, 24] .
Let f n (d) be the number of distinct fields Q √ a with a ∈ N n of largest possible degree as in (1.3) whose discriminants over Q satisfy Discr Q √ a , Q = d. We now explicitly evaluate the generating series
For this we define
Theorem 3.2. Let n 1 be fixed. For any s ∈ C with Re s > 1/2
we have
Multiquadratic fields with maximal Galois groups.
We also wish to determine the number of distinct multiquadratic fields of the form
that is,
Theorem 3.3. We have, as H → ∞,
3.3.
Higher index radical extensions with maximal degree. Let k 3 be an odd integer. We can also determine the number of distinct fields
Clearly K a is never Galois since K a ⊆ R and the Galois closure of K a must contain the k -th cyclotomic extension Z k = Q(ζ k ), where ζ k is some fixed primitive k -th root of unity.
Theorem 3.4. Let k 3 be an odd integer. Then, as H → ∞,
We remark that the general case of adjoining any choice of k -th roots (possibly complex) to Q follows easily from the case of real roots. Namely, for extensions of maximal degree, Kummer theory, see, for example, [8, Section 14.7] or [14, Ch. VI, §8- §9], implies that the absolute Galois group acts transitively on the set of n-tuples of the form ζ
. . , e n ranges over integers in [1, k] .
Further, since K a (ζ k ) is the normal closure of K a , it follows from Kummer theory (cf. Section 6.5) that Gal(K a (ζ k )/Q) is maximal if and only if [K a : Q] = k n . In particular, Theorem 3.4 also allows us to count fields K a such that the normal closure has maximal Galois group. In fact, it is not difficult to show that the number of a = (a 1 , . . . , a n ) ∈ N n ∩ B n (H) such that a 1 , . . . , a n are multiplicatively dependent modulo k -th powers is o(H n ), so Theorem 3.4 easily yields an asymptotic formula for the number of distinct fields K a , as well as an asymptotic formula for the number of distinct normal closures K a (ζ k ), as a ranges over elements in N n ∩ B n (H).
Sums of arithmetical functions of several variables
4.1. Setup. We say that f is a positive multiplicative function if
for all pairs of tuples of positive integers with
We next recall some results of La Bretèche [4, Theorems 1 and 2], which for f a positive multiplicative function, links the sum
where β = (β 1 , . . . , β m ) ∈ R m , to the behavior of the associated multiple Dirichlet series
The goal is to understand analytic properties of F in order to obtain a tauberian theorem for multiple Dirichlet series. This is for instance possible when F can be written as an Euler product. As in the one dimensional case, this is equivalent to the multiplicativity of f .
In that case, formally we have
To state the relevant results from [4] we need further notations. We denote by L m (C) the space of linear forms
Let {e j } m j=1 be the canonical basis of C m and let be e * j m j=1 the dual basis in L m (C). We denote by L R m (C) the set of linear forms of L m (C) such that their restriction to R m maps to R. We define L R + m (C) similarly with respect to the set R + of positive real numbers. As usual, we use · 1 to denote the L 1 -norm and use · to denote the inner product of vectors from R m . We view R m as a partially ordered set using the relation d > e if and only if this inequality holds component-wise for d, e ∈ R m . We also apply the notations Re and Im, for the real and imaginary part, to vectors in the natural component-wise fashion.
4.2. Asymptotic formula. We are now able to state [4, Theorem 1] which gives an asymptotic formula for the sums S β (X) given by (4.2).
Lemma 4.1. Let f be a positive arithmetical function on N m and F be the associated Dirichlet series
We assume that there exists α ∈ (R + ) m such that F satisfies the following properties:
of L R + m (C) and a family of R non zero linear forms h
can be analytically continued in the domain
and
Let J(α) = {j ∈ {1, · · · , m} : α j = 0}. We set r = #J(α) and let ℓ (N +1) , . . . , ℓ (N +r) be the r linear forms e * j where j ∈ J(α). Then, under previous hypotheses (P1), (P2) and (P3), there exists a polynomial Q ∈ R[X] of degree less or equal to N + r − rank({ℓ
, δ 1 , δ 2 , δ 3 , α and β , such that, for all X 1, we have
We remark that in (P2) of Lemma 4.1 we have shifted the argument of F by α so that the critical point is s = 0.
Furthermore, the exact value of the degree of Q is given by [4, Theorem 2], which we state in a form which is sufficient for our purpose. β j e * j ∈ Conv * ({ℓ
• with the leading coefficient H(0, . . . , 0)I , where
dy.
with y = (y 1 , . . . , y N ).
Towers of quadratic extensions
5.1. Degree. We now recall a result of Balasubramanian, Luca and Thangadurai [2, Theorem 1.1] which gives an explicit formula for the degrees of the fields (1.1).
It is convenient to define
For a = (a 1 , . . . , a n ) ∈ Z n * we define the products (5.1)
Define γ a as the number of subsets J ⊆ {1, . . . , n} with
Note that since the empty set J is not excluded, we always have γ a 1. Furthermore, we say that a is multiplicatively independent modulo squares if none of the products b J with J = ∅ is a square (that is, if γ a = 1).
Lemma 5.1. For a = (a 1 , . . . , a n ) ∈ Z n * we have
Note that γ a is a power of 2 as examining prime factorization of a 1 , . . . , a n we see that the this the size of the kernel of some matrix over the field of two elements, see also [2 For a = (a 1 , . . . , a n ) ∈ Z n * the field Q √ a satisfies (1.3) if and only if a 1 , a 2 , . . . , a n ∈ Z * are multiplicatively independent modulo squares.
Alternatively, since Q contains all roots of unity of order two, the corollary also follows from Kummer theory, cf. [8, Proposition 37, Ch. 14] or [14, Theorem 8.1, Ch. VI, §8].
5.2.
Discriminant. First we recall that for a square-free a ∈ Z * we have
We now examine the discriminant Discr(Q √ a) : Q of the field Q √ a over Q.
Lemma 5.3. Let a 1 , a 2 , . . . , a n ∈ Z * be multiplicatively independent modulo squares. Then
where the integers b J are defined by (5.1).
Proof. Our method relies on the well-known identity for relative discriminants in the tower of field extensions F ⊆ K ⊆ L:
where Nm K/F is the norm map from K to F , see, for example, [15, Chapter 2, Exercise 23].
We prove it by induction on n. The hypothesis of rank n is that
. . , a n , b 1 , . . . , b ℓ are multiplicatively independent modulo a square.
For n = 2, this formula is already known (see [9, Chapter 8, § 7.23]). Assume the hypothesis (5.4) for the rank n 2. We write 
Let us calculate ∆ = Discr(L, F ). We apply the formula (5.3) for
The inductive hypothesis and the multiplicativity of the norm give
The formula (5.3) and the induction hypothesis for n = 2 yield
Then, from (5.5), we can deduce the required formula. ⊓ ⊔
Maximal Galois groups.
Let F 2 denote the finite field with two elements. Given H ∈ R + we consider an arbitrary We now show that Gal Q √ a /Q is maximal if and only if the vectors ϕ H (a 1 ), . . . , ϕ H (a n ) are linearly independent over F 2 .
Proof. It is enough to check the parity of the exponents of the ramified primes in all quadratic field extensions K (of Q) such that Q ⊆ K ⊆ Q √ a . For odd primes this is clear; for ramification at two we note that the two-exponent has odd parity if and only if K = Q( For m ∈ M n,k and u = (u 1 , . . . , u n ) ∈ N n we set
(that is, a prime p is included in the above product if and only if p m j u j for every j = 1, . . . , n, and thus the product is finite since m ∈ M n,k implies that m j > 0 for at least one j ).
Then we parametrize the solutions of u 1 · · · u n = w k as follows:
We note that this parametrization resembles the one used in [5] , yet it is different in that no coprimality condition is imposed.
We observe that
where the vectors (u m ) m∈M n,k are formed from all possible vectors u = (u 1 , . . . , u n ) ∈ N n . We now consider the function f (d 1 , . . . , d n ) which is a product (over j = 1, . . . , n) of the number of representations of each d j as
The multiple Dirichlet series associated to this counting problem is
PERFECT POWER PRODUCTS AND MULTIQUADRATIC EXTENSIONS 15
Let {ℓ m } m∈M n,k,1 defined by
There exists a holomorphic function G(s), which for any fixed ε is uniformly bounded in
We have
We write m j = ε j + kh j , where ε j ∈ {0, k − 1} and h j ∈ N 0 , j = 1, . . . , n. We have
We observe that k | m 1 + . . . + m n is equivalent to k | ε 1 + . . . + ε n . Then we have
The Dirichlet series F satisfies the hypotheses of Lemma 4.1 with
One can check the hypothesis P3 by using the bound
which holds for any fixed ε > 0. Then there exists ϑ n,
We now apply Lemma 4.2 with N = #M n,k,1 = q n,k ,
and see that deg Q n,k = q * n,k since ℓ (j) (s) = ks j ∈ {ℓ m } m∈M n,k,1 for all 1 j n. Then the set M n,k * is the subset of M n,k,1 which avoids the forms {ℓ
as H → ∞, where I n,k is defined in (2.2). This defines the leading coefficient of Q n,k and gives the desired result.
6.2. Proof of Theorem 3.1. Let K a field counted by F n (X). There are 2 n − 1 quadratic extensions of Q in K . We write them as Q( √ c j ) with 1 j 2 n − 1 where c j is square-free. We now recall that t n is defined by (3.1). Then, clearly, there are t n ways to choose (j 1 , . . . , j n ) such that K = Q √ a with the vector a = (c j 1 , . . . , c jn ) ∈ Z n . The other c j can be calculated from a by choosing for each of the remaining j some unique set J ⊆ {1, . . . , n} of cardinality #J ≥ 2 and calculating
Then we have
Given square-free a 1 , . . . , a n ∈ N, we write
where ν j , j = 1, . . . , n are some nonnegative integers, h = 1, . . . , 2 n −1, and z h are some odd positive integers. Since a 1 , . . . , a n are square-free, the numbers z h are coprime. For J ⊆ {1, . . . , n}, and b J as in (5.1) we have
where, as before, ε j (h) denotes the j -th digit in the binary expansion of h, n J = j∈J ν j , and c J is odd and square-free. We have
We write
where D is odd. Using Lemma 5.3 and the formula (5.2), we derive from (6.3) that
and where
denotes the sum of digits in the binary expansion of h. Then D is the largest odd divisor of lcm (a) 2 n−1 = lcm (a 1 , . . . , a n ) 2 n−1 .
Let
• r 1,4 (J ) be the number of j ∈ J such that a j ≡ 1 (mod 4), • r 3,4 (J ) be the number of j ∈ J such that a j ≡ 3 (mod 4), • r 2,8 (J ) be the number of j ∈ J such that a j ≡ 2 (mod 8),
• r 6,8 (J ) be the number of j ∈ J such that a j ≡ 6 (mod 8).
We have We now set ρ k 1 ,k 2 = r k 1 ,k 2 ({1, . . . , n}). We observe that
Using that W = 3U 3 + 2U 2
we now deduce that
Let C n (W ) the number of possible configurations of the vectors a corresponding the for possibilities
which correspond to a given value W . In particular
More precisely, we have
For each configuration associated to W , there exists a binary vector ε = (ε 1 , . . . , ε n ) = {−1, 1} n such that a has to satisfy (−1)
Summing over all m j ∈ {0, 1}, we avoid this congruence condition. Let
By standard methods, there exists a polynomial Q n of degree 2 n − 2 such that for κ n = 3/(5 + 2 n )
for any ε > 0. Moreover the leading coefficient of Q n is
Indeed, the associated Dirichlet series is h n (s) which is given by (3.2).
It can be written as h n (s) = ζ(s) 2 n −1 h n (s) where h n can be analytically continued until Re s > 1 2 . For more details, see [21, Exercise 194] .
From (6.4), we deduce that there exists a polynomial P n of degree 2 n − 2 such that
for any ε > 0. Moreover the leading coefficient of P n is
) and (6.4), we write
Note that if there is an integer m with
Hence this is possible if and only if d = 2
W m 2 n−1 . We now see from (6.5) that
Substituting this in (6.6), we easily obtain
and the result follows. for log Q (log log H) 5/3+ε and any fixed ε > 0. Furthermore, we recall the classical asymptotic formula
where as before S is the set of square-free integers, see [10, Theorem 334] (note that using the currently best known result of Jia [12] with 17/54 instead of the exponent 1/2 does not affect our final result). Finally, for Q H , we have the trivial bound
where for a = (a 1 , . . . , a n ) ∈ N n we define the pair-wise greatest common divisor pw-gcd(a) as pw-gcd(a) = max
For a real Q 2 we define
= {a ∈ S n ∩ B n (H) : pw-gcd(a) Q and no a i is Q-friable}.
Combining (6.7), (6.8) and (6.9), we derive
We now claim that if a, b ∈ T n (H, Q) generate the same multiquadratic field (with full Galois group), then they agree up to a permutation of coordinates.
We see this as follows: applying the map ϕ H , given by (5.6), componentwise, we may regard a, b as two F 2 matrices, with n rows and π(H) columns. Moreover, by the non-friability assumption on a ∈ T n (H, Q) (together with the assumption of square-freeness), each ϕ H (a i ) has a one in some p-indexed column for some prime p > Q.
Moreover, for p > Q, using the condition on pw-gcd(a), we note that there can be at most one nonzero element in each column. That is, each a i gives rise to some p i > Q such that the p i -column has a one in row i, and zeros elsewhere. Recalling Lemma 5.4, this implies that for any a ∈ T n (H, Q) we have Gal Q √ a /Q ≃ (Z/2Z) n . Now, if the fields are the same, we must have ramification at the same primes. In particular, we see from Lemma 5.3 that for each i = 1, . . . , n there must exist some j i , 1 j i n, such that p i | b j i . Thus, after permuting rows in the matrix associated with b, and using that the conditions pw-gcd(b) Q, also holds for b, we find that the matrices associated to a and b are identical in the columns indexed by p 1 , . . . , p n ; by permuting the rows of the two matrices, both restrictions to these columns are in fact the identity matrix.
Using that the fields Q √ a and Q √ b are the same if and only if the associated F 2 -vectors generated by the map ϕ H have the same span, there must exist some matrix M ∈ GL n (F 2 ) that maps the matrix associated with a into the matrix associated with b; comparing columns indexed by p 1 , . . . , p n we find that M is in fact the identity matrix, provided that we have permuted the rows as above (note that reordering the rows amounts to reordering the entries in a, b.)
Thus, after permuting the rows in b as described above we find that a and b are the same. Hence
where the error term comes from vectors a with two identical components (which cannot exceed Q).
It is also obvious that alternatively we can define G n (H) using only vectors a with square-free components, that is, as
Thus, recalling (6.8), we immediately obtain (6.12)
. Combining (6.10) and (6.11) with (6.12), we obtain
Choosing (6.13) Q = exp (log H)(log log H)/2 so that u = 2(log H)/(log log H), we conclude the proof. 
We begin by showing that any relation, modulo k -th powers in Z × k , must already be a relation modulo k -th powers in Q × .
Lemma 6.1. If k 3 is an odd integer then the map
is injective. In particular, an element α ∈ Q × is a k -th power in Z k if and only if α ∈ Q ×k Proof. We first recall that t k − α is irreducible over Q (cf. [14, Theorem 9.1, Ch. VI, §9]) provided that α is not a p-th power of some rational number, for all prime divisors p|k . Now, let α denote a element in the kernel of the above map, and assume that α is not a k -th power of any element in Q. If α = α p 1 for some p|k and α 1 ∈ Q, then t pr − α p 1 = p i=1 (t r − ζ p α 1 ), so if t r − ζ p α 1 has a root in Z k , we find that t r − α 1 has a root in Z pk . Repeating this procedure a finite number of times, we may thus reduce to the case of showing that the irreducible polynomial t r l − α l does not have any roots in Z k 2 , for α l ∈ Q {±1}, and α l not a p-th power for any prime p|r l |k . However, by [14, Theorem 9.4, Ch. VI, §9], the Galois group of t r k − α k is non-abelian, and hence the roots cannot be contained in Z k 2 since the cyclotomic extension Z k 2 /Q is abelian.
⊓ ⊔ Thus, to count fields K a with maximal degree is the same as counting a = (a 1 , . . . , a n ) such that the group < a 1 , . . . , a n > (Q × ) k /(Q × ) k has cardinality k n -in other words, counting tuples (a 1 , . . . , a k ) such that a 1 , . . . , a k are independent modulo k -th powers in Q × . With S k denoting the set of k -free integers, we have
As in the case of squares, we can define G k n (H) using only vectors a with k -free components, that is, as Restricting to the set of "nice" a as in the argument for multiquadratic fields (that is, to the set of vectors a having no Q-friable component a i , as well making sure any pairwise greatest common divisor is at most Q), the argument is essentially the same except for one small caveat: if k is not prime, we cannot use linear algebra over a finite field, but must rather work with the finite ring Z/kZ. However, as End((Z/kZ) n ) ≃ Mat n (End(Z/kZ)) and the set of invertible endomorphisms can be identified with GL n (Z/kZ) the previous argument applies also for k not prime.
Choosing Q as in (6.13), we conclude the proof.
Comments
We note similarly to the quantities F n (X) and G n (H) in Sections 3.1 and 3.2, respectively, one can count integer vectors and thus define where B ± n (H) is given by (1.4). We first observe that while the finiteness of G ± n (H) is obvious the finiteness of F ± n (X) needs some justification (since the discriminants are taken without the absolute value). In fact, we now need to assume n 2 (as the case of n = 1 is special and is not of our interest). It is sufficient to show that for all discriminants counted in F
